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ABSTRACT
LetS bea y'-set of G. Asubset T C S is said to be a forcing subset for S if S is the
unique x'-set containing T. The forcing edge chromatic number f,/(S) of Sin Gis the
minimum cardinality of a forcing subset for S. The forcing edge chromatic number f,/(G) of

G is the smallest forcing number of all y’-sets of G. In this article, some general properties
satisfied by this concept are studied and the forcing edge chromatic number of some standard
graphs are determined. Also, connected graphs of order n > 2 edge chromatic number 0 or 1
or x'(G) are characterized. It is shown that for a positive integer a > 2, there exists a connected
graph G such that £,/ (G) = x'(G) = a.
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1. Introduction

By agraph G = (V,E), we mean a finite,undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For basic graph
theoretic terminology, we refer to [1]. Two vertices u and v are said to be adjacent if uv is an
edge of G. Two edges of G are said to be adjacent if they have a common vertex.

A k-coloring of G isa functionc: V (G) —» {1,2,...,k}, where c(u) # c(v) for any
two adjacent vertices u and v in G. A p-vertex coloring of Gis an assignment of p colors,
1,2,...p to the vertices of G, the coloring is proper if no two distinct adjacent vertices have the
same color. The minimum colours needed to colour the vertices of G is called chromatic
number of G, denoted by y(G).If x(G) = p,G is said to be p - chromatic, wherep < k. A
setC < V (G)is called chromatic set if C contains all vertices of distinct colors in G. The
chromatic number of G is the minimum cardinality among all the chromatic sets of G. That is
x(G) = min{|C;|/ C; is a chromatic set of G}. The concept of the chromatic number was
studied in [2,3,4]. A k-edge coloring of G is a function ¢’ : E (G) » {1,2,...,k}, where
c'(e) # c'(f) for any two adjacent edges e and f in G. A p-edge coloring of G is an
assignment of p colors, 1,2,...p to the edges of G, the coloring is proper if no two distinct
adjacent edges have the same color. The minimum colours needed to colour the edges of G is
called edge chromatic number of G, denoted by x'(G).If x'(G) = p, G is said to be p —edge

chromatic, where p < k. A set C' € E (G) is called edge chromatic set if C' contains all
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edges of distinct colors in G. The egde chromatic number of G is the minimum cardinality
among all the edge chromatic sets of G. That is y'(G) = min{|C;|/ C{is a edge chromatic
set of G}. An edge chromatic set of cardinality y'(G) is called a y'-set of G.The edge-
chromatic number y'(G) of G is defined to be the least number of colours needed to colour the
edges of G in such a way that no two adjacent edges have the same colour. The concept of the
edge chromatic number was studied in [5,6,7]. The chromatic number has application in Time
Table Scheduling, Map coloring, channel assignment problem in radio technology, town
planning, GSM mobile phone networks etc.[8,9].

2. The forcing edge chromatic number of some standard graphs

Definition 2.1. LetS bea y'-setof G. Asubset T C S is said to be a forcing subset forSif S
is the unique x'-set containing T. The forcing edge chromatic number f,/(S) of Sin Gis the

minimum cardinality of a forcing subset for S. The forcing edge chromatic number f,/(G) of

G is the smallest forcing number of all y'-sets of G.

Example 2.2. For the graph G given in Figure 2.1, S;= {e;, e,, €3, €,},5,= {eq, €2, €3, €4},

S;= {ej, es,e3,e,},5,= {eq, e5,e3,e,} are the only two y'-sets of G such that y'(G) =
3,f(S1) =f(S2) = (S3) = f,r(Ss) = 2s0that f,/(G)=2.

4 €4
e11
e3 €s
3 2
€2
2 1 eq
G
Figure 2.1

The following result follows immediately from the definitions of the edge chromatic number
and the forcing edge chromatic number of a connected graph G.

Observation 2.3. For every connected graphG, 0 < f,+(G) < x'(G).

Remark 2.4. The bounds in the Observation 2.3 are sharp. For the complete graph
G = K3, S =E(G) is the unique x'-set of G so that f,/(G) = 0. For the graph G given in
Figure 2.2, S; ={ej, ey e3}, Sy ={e,eses}, Ss={ej, ey e}, Sy ={ei,es,66}, Ss=

{es, 2,65}, S6 = {€3, €4, €5}, S7 = {e3, 5, €6}, Sg = {e3, 4, e6}such thatf 1 (S)) =3 fori=1
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to8and x'(G) = 3so that f,/(G) = x'(G) = 3. Also the bounds are strict. For the graph in
Figure 2.1, x'(G) = 4,f,(G) = 2. Thus 0 < f,1(G) < x'(G).

e; 1
€x €q 3 2
2 3
€2
€4
€3 4
G
Figure 2.2

Definition: 2.5. An edge e of a graph G is said to be an edge chromatic edge of G if
e belongs to every y'-set of G.
Example 2.6. For the graph G given in Figure 2.3, S;= {e1,e3,e3},5,= {e1,e3, €4}, S3=

{es, e5,e3},S,={es, e5,e,} arethe only y'-sets of G such that e, is a chromatic edge of G.

Figure 2.3

Theorem 2.7. Let G be a connected graph of order n = 2 with A(G) =n — 1. Let x be
auniversal vertex of G and e be an edge incident with x. Then e is a chromatic edge of
G.

Proof. On the contrary, suppose that e is not a chromatic edge of G. Then there exists
a x'-set S of G such thate = uv. Let c(e) = c¢;. Sincee & S, there exists f = yz € E(G)
such that ¢(f) = ¢; and y # x,v and z # x, v. Hence it follows that x is not a universal
vertex of G, which is a contradiction. Therefore e is a chromatic edge of G.

Theorem 2.8. Let G be a connected graph. Then

@) f,(¢) = 0if and only if G has a uniquey’-set.

(b) f,,(G) = 1if and only if G has at least twoy’-sets, one of which is a
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unique y'-set containing one of its elements, and

(c) £, (G) = x'(G)if and only if no x' -set of G is the unique x'-set

containing any of its proper subsets.

Proof. (a) Let f,/(G) = 0. Then, by definition, f,/(S) = 0 forsome y’ -set S of G so
that the empty set gis the minimum forcing subset for S. Since the empty set ¢is a
subset of every set, it follows that S is the unique y'-set of G. The converse is clear.
(b) Let f,/(G) = 1. Then by Theorem 2.8(a), G has at least two x'-sets. Also, since
fy(G) = 1, there is a singleton subset T of a y'-set S of G such that T is not a subset
of any other y’ -set of G. Thus S is the unique y' -set containing one of its elements.
The converse is clear.

(c) Let f,/(G) = x'(G). Then f,/(G) = x'(G)for every x'-set S in G. Also, by
Observation 2.3, ¥'(¢) = 2 and hence f,/(G) = 2. Then by Theorem 2.8(a),

G has at least two y'-sets and so the empty set ¢ is not a forcing subset for any
x'-setof G. Since f,/(S) = x'(G), no proper subset of S is a forcing subset of S.
Thus no y'-set of G is the unique y’-set containing any of its proper subsets.
Conversely, the data implies that G contains more than one y' -set and no subset

of any y’-set S other than S is a forcing subset for S. Hence it follows that
fr(G) = x'(G).

Theorem 2.9. Let G be a connected graph and W be the set of all chromaticedges

of G. Thenf,/(G) < x'(G) - |W]|.

Proof. Let S be any y'-set of G. Then y'(G) = |S|, W € S and S is the unique y'-set
containing S -W. Thus f,/(G) < [S- W | = |S|- |[W ]| = x'(G) - [W].

In the following we determine the forcing edge chromatic number of some standard graphs.
Theorem 2.10. For the complete graph G= K,(n = 2),

0 ifn=23
fy(G)=143 ifn=4
n—1ifn=5

Proof. Forn = 2andn = 3, S = E(G) is the unique y'-set of G, the result follows from

Theorem 28 (a) For n = 4‘, Iet €11 = V1Vy, €12 = V1V3, €13 = V1Vs, €31 = VyV3, €35 =

VoVy , ez = V3V, AsSign  c'(eq) =c'(e31) =1, c'(e1x) =c'(e2) =2, c'(e3) =
c'(e;1) =3. Then S; ={ejj,e1ze13}, Sz ={ei,e12.621 }, Sz ={e11, 622,13} Sy =
{er1, 00,621} + Ss={es1,e1n , €13}, S ={es1,€12,€21}, S7 ={e31, e, €13} , Sg=
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{es1, €22, €21} are the x'-set of G such that f,/(S;) =3 fori=1to8sothat f,/(G) = 3.
For n>5, lete;=vv,(2 <j<n)e;=vv3 <j<n), e3;=v3v;(4 <j<n),
e €no1)j = Un—1Vn. Assign c'(ej;) =¢f, ¢'(ez) =¢j—1(1 <j<n—1), c'(e3;) =
¢—2(1<j<n—-1) ... ,c’(e(n_l)j) =¢—-—m-2)1 <j<n-1),

¢'(em-2);) = nso that y'(G) = n. Since e(,_); is a chromatic edge of G, by Theorem 2.9,
fy(G) <n—1.LetS be achromatic edge set of G. We prove that f,/(G) =n —1.0On the
contrary, suppose that f,/(G) < n — 2. Then there exists a forcing subset T of S such that
|IT| <n—2.Lete € Ssuchthate & T. Then e is not a chromatic edge of G. Without loss of
generality, let us assume that c’(e) = c;. Since n > 5, there exists f € E(G) such that
c'(f) =ci. LetS' =[S —{e}]U{f}. ThenS'isa y'-set of G. Hence T is a proper subset
of a y'-setS’ of G, which is a contradiction. Therefore f,/(G) =n— 1.

Theorem 2.11. For the star graph ¢ = K; ,_1 (n = 3), f,/(G) = 1.

Proof. Since S = E(G) is the unique y'-set of G, the result follows from Theorem 2.8(a)
Theorem 2.12. For the double star graph G = K55, f,/(G) = 2.

Proof. Let V = {x, v, vy, ..., 1} U {y,uy, Uy, ..., us} be the vertex set of G. Let f; = xv;, e =
xy,g; = yu; betheedge setof G forall (1 < i < r)and (1 <j < s)wherer+s=n-—
2.ThenS; ={e,f;i} (1 < i <r)and S, ={e,g;}(1 < j < s)are the only x’ -sets of
G such that f,/(Sy) = f,(S2) = 2 so thatf,/(G) = 2.

Theorem 2.13. For the complete bipartite graph ¢ = K, (1 < r < s),

0 ifr=1s=1
fr(G)=142 ifr=2s=2
s If2<r<s

Proof. Forr = 1 and s = 2, then the result follows from Theorem 2.11. Forr = 2and s = 2,
S1 ={e11,€12},52 = {e11,€21},55 = {ez2, €12}, S4 = {ez2,€2,} are the x'-sets of G such
that f,(S)=2 for i=11to 4 so that f,/(G)= 2. So let 2<r <s. Let X =
{x1, %, .., x.}and Y = {y1,y,,..,y5} be the bipartite sets of G.Let e;; = x;y;(1 <j <

5),e; =xYi(1 <J<5s), wunun veij =xyi(1 <i<7r)(1 <j<s5). Assign c’(elj) =
(1 <j<s),c'(ey) =¢f,ci(2 <j<s)c'(e35) =¢f,c1, 633 <Jj <)y (&) =
Cey C1yCoy nen ven un Cso1(1 <P <71)(1 <j <5s). ThenS;; = {ey1,e12,€13, ..., ks} IS a x'-set

of G such that x'(G) = s. By Observation 2.3, 0 < f,/(G) < s. Since x'-set of G is not

unique f,/(G) = 1. It is easily observed that no singleton subsets or two element subsets of
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S;j(1 <i<7),(1 <j <s)isnotaforcing subset of S;; so that f,/(S;;) = s. Since this true

forall y'-set S;;(1<i<r),(1 <j<s)sothat f,/(G) =s.

0 ifn=3
Theorem 2.14. Forthepath G = P, (n = 3), f,/(G) =41 ifn=4%
2 ifn=5

Proof. Let B, be vy, v, ..,v, and let e, =vv;,;(1 <i<n-1). For n=3,
S=E(G)is the unique y' -set of G, the result follows from Theorem 2.8(a).
Forn =4,5; ={ey, e} and S, = {e;, e3} are the y'-sets of G such that f,/(S;) =
fy(S2) =1 sothatf,/(G) =1.Soletn = 5. ThenS; = {e;, e;4,}(1 <i<n-1)
and Sjx = {ej,ex}(1 <j <k <n—1)and |j — klis odd are the only y’-sets of G
suchthat f,/(S;) =2for (1 <i<n—1) andf,(Sp)=2for 1<j<k<n-—
1) sothatf,/(G) = 2.
Theorem 2.15. Forthe cycle G = C, (n = 4), f,(G) = 2.
Proof. Let C,, be vy, v,,...,v,,v; and lete; = v;v;,.,(1 <i<n-—1)ande, = v,v;.
We consider the following two cases.
Case(1) n is even
cle) = {21 i]lffilisl*sefzceifz

ThenS; ={e;,e;413(1 <i<n-1)andS;j; ={ej,ex} (1 <j<k=<n-1)
and |j — k|is odd are the only y'-sets of G such that £ ,/(S;) = 2 and f,(Sj) = 2
for(1 <isn-1) and(l1<j<k<n-1)sothatf,(G) =2

Case(2) n is odd

1 ifn isodd
c(e)) =42 if n iseven
3 ifi=n

Since E (v,v,) is the set of chromatic edges of G, E (v,,v,) is a subset of every y'-set of G. It
can be easily seen that any y'-set of G is of the form S = E(v,v,) U {x, y}, where x,y €
{er €z, ..., en_1} s0 that x'(G) =n + 2. By Theorem 2.9, f,/(G) <n+2—n=2. Since x'-
set of G is not unique f,+(G) = 1. It is easily observed that no singleton subsets of S is not a
forcing subset of S so that f,/(S) = 2. Since this is true for all y'-set S of G, f,/(G) = 2.
Theorem 2.16. For a positive integer a > 2, there exists a connected graph G such that
fy(G) =x'(G) =a.

Proof. For a=2, let G =C,. Then by Theorem 2.15, f,/(G) = x'(G) = a. So, let
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a=3. LetG =K, 4. By Theorem 2.13, f,/(G) = x'(G) = a.

3. Conclusion

In this article, we discuss about a new concept namely, forcing edge chromatic number of a

graph. Also, the relation between edge chromatic number and forcing edge chromatic number

is found. The above concept is examined by some standard graphs with examples.
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